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A  NEW  PROOF  OP  TORELLI • S  THEOREM 
Henrik  H.  Martens! 

ABSTRACT 

Torelli  [9]  proved  that  If  tvjo  closed  Riemann  surfaces  have 
the  same  period  matrix  (with  respect  to  canonical  homology  bases);, 
then  they  are  conformally  equivalent.   Thus  a  period  matrix  of  a 
closed  Riemann  surface  determines  its  conformal  structure  completely, 
and  it  is  this  fact  that  makes  the  entries  of  a  period  matrix  suit- 
ables  candidates  for  a  set  of  explicit  moduli  for  closed  Riemann 
surfaces , 

Modern  proofs  of  Torelli 's  theorem,  valid  in  the  abstract 
case,  have  been  given  by  Weil  [10],  Andreotti  [1],  and  Matsusaka 
[5].   All  of  these  proofs  make  extensive  use  of  the  methods  of 
algebraic  geometry.   The  primary  object  of  this  paper  is  to  give  an 
analytically  formulated  proof  based  on  results  contained  in  the 
standard  texts  on  the  theory  of  Riemann  surfaces,  and  on  a  theorem 
of  Riemann  regarding  the  vanishing  of  the  first-order  theta- 
function.   The  analytical  formuJation  of  the  paper  should  not, 
hovjever,  be  interpreted  to  mean  that  our  method  is  restricted  to 
the  classical  case.   The  algebraic  geometer  v;ill  find  that  Sections 
2  and  3  contain  a  complete  proof  of  Torelli 's  theorem  for  the 
abstract  case  as  well. 
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The  contents  of  this  paper  may  be  summarized  as  follows. 
Section  1  contains  definitions  of  the  basic  concepts  involved, 
as  V7ell  as  a  formulation  of  the  result  to  be  proved  and  a  brief 
survey  of  some  of  the  classical  results  in  this  area  of  research. 
Section  2  is  devoted  to  the  proofs  of  certain  auxiliary  lemmas 
about  subsets  of  the  Jacobian  variety  of  a  Riemann  surface.   Section 
3  contains  a  proof  of  Torelli's  theorem,  granting  the  validity  of 
Riemann 's  theorem,  a  proof  of  which  is  given  in  the  appendix. 


1 .   INTRODUCTION 

Let  X  be  a  closed  Riemann  surface  of  genus  g  ,   Let 
y   =  ^y-.>..»,y,^    )   be  any  basis  for  the  first  homology  group  on 
X  ,  and  let  a  be  an  Abelian  differential  of  the  first  kind  on 
X  .   By  the  period  vector  of  a  with  respect  to  y     we  shall  mean 
the  vector  (7,  a)  =  (a^,...,a   )  ,  where 


=    J     a  =   {7^,   a) 


Let  00  =  (cD  ,  ...,co^)   be  a  basis  for  the  Abelian  differen- 
tials of  the  first  kind  on  X  .   By  the  period  matrix  of  cu  with 
respect  to  7  we  shall  mean  the  gX  2g  matrix   (7,  ^)  =  {y^>   to*^ ) 
whose  j    row  vector  is  the  period  vector  {y ,   co*^ )  . 

For  the  purpose  of  investigating  the  properties  of  period 
vectors  and  matrices,  it  is  convenient  (and  usual)  to  assume  the 
situation  to  be  normalized  by  taking  7  to  be  a  canonical  homology 
basis.   By  this  is  me?.nt  that  the  intersection  matrix,   (7^07.)  , 


the  form 

/    0 

E  \ 

Le 

0  ;' 

where  0  is  the  gX  g  null-matrix,  and  E  is  the  gXg  unit 
matrix.  Now,  let  7  be  a  canonical  homology  basis,  and  let  7 
be  a  homology  basis  related  to  7  by 


7i  =  ZZ  m^7j  , 

where  the  matrix,  M  =  fm^j  ,    Is  unlmodular  with  integral  entries. 
An  easy  calculation  shov;s  that  7  is  a  canonical  homology  basis 
if  and  only  if   MJM  =  J  .   Furthermore,  under  a  change  of  basis 
of  this  kind,  V7e  clearly  have 

(7,  a)  =  {y,   a)M  , 
and 

(7,  to)  =  [y,   a))M  , 

where  a  is  an  Abelian  differential  of  the  first  kind,  and  oj  is 
a  basis  for  such  differentials. 

It  is  shown  in  standard  texts,  [8],  that  if  7  is  a 
canonical  homology  basis,  and  if  cu  is  a  basis  for  the  Abelian 
differentials  of  the  first  kind,  then  the  period  matrix  of  ao  with 
respect  to  7  has  the  form 

(7,  o))  =  (B;  C)  , 

where  B  and  C  are  nonsingular  gV  g  matrices.  Hence,  by  a 
suitable  change  of  o)  ,  we  ma.Y   assume 

(7,  cd)  =  (TTiE;  A)  ,   A  =  7riB"-'-C  , 

where  E  is  the  gX  g  unit  matrix.   It  is  then  shown  that  A  must 
be  symmetric  and  have  a  negative  definite  real  part.  A  matrix, 
(ttIE;  a)  ,  where  A  satisfies  these  conditions  xvlll  be  referred 


Ulj:-, 


to  as  a  Rlemann  matrix. 

Two  2g-vectors,   a  and  a'  ,  will  be  said  to  be  symplecti- 
cally  equivalent  iff  a'  =  aM  ,  where  M  is  a  2gX  2g  unimodular 
matrix  with  integral  entries,  and  *MJM  =  J  .   Two  Riemann 
matrices,  (irlE;   A)   and  {v±E;   A')  will  be  said  to  be  symplectl- 
cally  equivalent  iff 


and 


(TTiE;  A)M  =  (Bj  C) 


A'  =  TTiB'^C 


where  M  satisfies  the  same  conditions.   It  is  clear  that  if  a 
2g- vector,  a  ,  is  the  period  vector  of  an  Abelian  differential 
of  the  first  kind  on  a  closed  Riemann  surface  with  respect  to  a 
canonical  homology  basis,  then  so  is  any  2g-vector,  a'  , 
symplectically  equivalent  to  a  ,  and  conversely.   A  similar 
statement  holds  for  Riemann  matrices. 

A  precise  statement  of  Torelli's  theorem  in  the  classical 
case  may  now  be  given. 

Torelli's  Theorem:   Let  X  and  Y  be  closed  Riemann  surfaces  of 
genus  g  ,  and  let  {ttIE;   A)   and   (ttIE;  A')   be  period  matrices 
with  respect  to  canonical  homology  bases  on  X  and  Y  ,  respec- 


For  simplicity  we  are  here  restricting  the  usual  terminology. 


see  [2], 


tlvely .   Then,  If   (ttIE;  A)   Is  symplectlcally  equivalent  to 
(ttIE;  A'  )  ,   X  Is  conformally  equivalent  to  Y  . 

We  may  observe  here  that  in  the  case  g  =  1  ,  Torelli's 
theorem  reduces  to  a  well-known  result  in  the  theorj^  of  elliptic 
functions,  and  we  shall  here  tacitly  assume  S  ^  2  . 

Torelli's  theorem  is  one  of  a  remarkably  limited  number  of 
known  results  about  period  matrices  of  closed  Riemann  surfaces. 
From  the  definition  of  a  Riemann  matrix,  it  is  easily  seen  that 
it  depends  on  p  (g+l)g  free  parameters.   For  g  >  2  ,  the 
number  of  free  parameters  determining  a  closed  Riemann  surface  of 
genus  g  ,  is  known  to  be   3g  -  3  •   Hence,  for  g  >  4  ,  additional 
conditions  must  be  imposed  on  a  Riemann  matrix.   Schottky  [6] 
gave  the  single  condition  necessary  for  g  =  4  ,  but  did  not  show 
sufficiency.   GersterJiaber  [3]   observed  that  a  result  of  Wirtinger 
implies  that  A  cannot  have  a  row  vector  xvith  only  one  nonvanishing 
entry,  if   (iriE;  A)   is  to  be  a  period  matrix  viith  respect  to  a 
canonical  homology  basis  on  some  closed  Riemann  surface.   Weil  [10] 
showed  that  for  g  =  2  it  suffices  to  exclude  such  matrices. 

For  genera  higher  than  4,  the  conditions  on  Z  are  not 
yet  known,  although  conditions  for  the  hyperelliptic  case  appar- 
ently have  been  determined  [11].   I  do  not  know  whether  the  last- 
mentioned  results  are  available  in  a  modern  form.   For  genera 
higher  than  2  ,  sufficient  conditions  of  a  reasonable  kind  are 
not  yet  known. 

In  the  appendix  we  shall  give  a  simple  proof  of  V/irtinger's 
result  by  proving  a  more  general  theorem  which  states  that  if 


(iriE;  A)   is  a  period  matrix  of  a  closed  Rlemann  surface,   A  cannot 
be  symplectically  equivalent  to  a  direct  sum  of  smaller  matrices. 

Finally,  it  may  be  mentioned  that  the  situation  with  respect 
to  period  vectors  is  much  better.   Haupt  [^1-]  proved  that  a  necessary 
and  sufficient  condition  that  an  arbitrary  2g- vector,   a  ,  be  a 
period  vector  of  some  Abelian  differential  of  the  first  kind  with 
respect  to  a  canonical  homology  basis  of  some  closed  Riemann  surface 
of  genus  g  ,  is  that  a  satisfy  certain  inequalities  derived  from 
the  bilinear  relations  of  Riemann,  and  that  a  is  not  symplecti- 
cally equivalent  to  a  2g-vector  with  only  two  nonvanishing  com- 
ponents . 

2.   THE  JACOBIAN  VARIETY  OP  A  CLOSED  RIEMNN  SURFACE 

Let  X  be  a  closed  Riemann  surface  of  genus  g  .   Let  y 
be  a  canonical  homology  basis  on  X  ,  and  let  co  be  a  basis  for 
the  Abelian  differentials  of  the  first  kind  on  X  such  that 

(7,  CD)  =  (TTiE;  A)  . 

The  column  vectors,  (7.,  co)   of   (7,  cd)   generate  a  discrete 
group  of  translations,  O  ,  in  C^  ,  vjhose  fundamental  region  may 
be  taken  as  the  nondegenerate  parallelepiped  spanned  by  the  column 
vectors.   By  the  Jacobian  Variety  of  X   we  shall  mean  the  multi- 
torus 

J(X)  =  C^/O  . 

We  observe  that  the  fundamental  region  of  O  ,  and  hence  also 
J(X)  ,  is  compact. 


There  exists  a  natural  embedding  of  X  in  J(X)   given  by 

Q 
u^(Q)  =     f    c^^      , 
P 

where   P  is  a  fixed  point  on  X  ,  and  Q  varies  over  X  .   That 
this  mapping  is  holomorphic,  is  trivial.   That  it  is   1-1  follows 
from  the  fact  that,  by  Abel's  theorem,  if  u(Q,  )=u(Q2)  ,      Q-,   and 
Qg  must  be  linearly  equivalent.  This  means  that  there  is  a  mero- 
morphic  function  on  X  with  a  simple  pole  at  Q,   and  a  simple 
zero  at  Qg  ,  and  no  other  poles  or  zeros.   But  this  is  known  to 
be  impossible.   Hence  Q^  =  Q   . 
By  a  canonical  embedding 

4>:X  — >  J(X)  , 

we  shall  mean  any  map,   *  ,  which  differs  from  the  map  Q  — >  u(Q) 
hy   a  constant.   In  this  paper  we  shall  assume  <t>      to  be  the  map 
defined  above. 

We  extend  our  definition  of  0  to  a  mapping 

<t:X^  —>    J(X)  , 

of  the  r-fold  Cartesian  product  of  X  with  itself  into  J(X)   by 


and  define  W''^  to  be  the  image  of  X^  under  <t>    .      It  is  clear 
that  the  sets,   W''^  ,  are  compact. 


.n 


It  should  be  observed  that  the  canonically  imbedded  surface, 
W   ,  has  an  induced  conformal  structure  which  makes.it  into  a 
Riemann  surface,  conformally  equivalent  to  X  .   To  see  this,  we 
observe  first  that,  by  definition,  a  function  on  V/   is  holo- 
morphic  at  a  point  iff  it  is  a  restriction  to  VJ  of  some  function 
holomorphic  in  a  neighborhood  of  the  point  in  J(X)  .   Since  <& 
is  a  holomorphic  map,  it  follows  that  every  meromorphic  function, 
f  ,  on  V/   yields  a  meromorphic  function,   fo4>  on  X  .   If,  on 
the  other  hand,   f  is  a  meromorphic  function  on  X  ,  we  form  the 
meromorphic  function 

F(Q^,...,Qg)  =  f(Q^)  +  ...  +  f(Qg) 

on  the  g-fold  symmetric  product  of  X  with  itself.   This  is 
known  to  yield  a  meromorphic  function  on  J(X)  ,   Po<!)~   ,   Since 
To<t>~        is  restriction  of  the  latter  to  1/   ,  it  follows  that  it 
is  a  meromorphic  function  on  W   .   Thus,  <t>     is  biholomorphic, 
and  in  order  to  prove  Torelli's  theorem,  it  suffices  to  prove  the 
corresponding  statement  about  the  imbedded  image,   W 

Let  S  be  a  subset  of  J(X)  .   V/e  shall  say  that  S  is 
Irreducible  if  it  has  the  property  that  the  set  of  zeros  of  a 
(multiplicative)  holomorphic  function  on  J(X)   either  contains 
S  ,  or  else  intersects  S  in  a  lower-dimensional  subset.   One 
sees  immediately  from  this  definition  that  if  S  is  irreducible, 
and  if  T  is  a  subset  of  J(X)   defined  as  the  common  set  of 
zeros  of  a  (possibly  infinite)  collection  of  (multiplicative) 
holomorphic  functions  on  J(X)  ,  then  the  intersection  of  S  and 
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T  is  a  lower-dimensional  subset  of  S  ,  unless  S  is  a  subset 
of  T  . 


Irreducible, 

Proof:   Let  P  be  a  (multiplicative)  holomorphic  function  on 
J(X)  ,  and  let  f  be  the  restriction  of  F  to  V/^  .   Then  fo(t> 
is  a  (multiplicative)  holomorphic  function  on  the  cartesian 
product,  X  .   It  is  well  known  that  the  zeros  of  this  induced 
fimction  form  a  lower-dimensional  subset  of  X''^  ,  unless  the 
function  vanishes  identically.   On  the  other  hand,  it  is  easy  to 
see  that  <t>     is  generally  of  maximal  rank  on  X^  ,  and  hence  W^ 
is  r-dimensional .   But  then  the  image  of  the  zeros  of  the  induced 
function  is  a  lower-dimensional  subset  of  W^  ,  and  the  lemma  is 
proved. 

We  shall  now  study  some  of  the  properties  of,  and  relations 


observe  that  the  map,  <t>  :X     -   J(X)  may  also  be  interpreted  as  a 
map  of  the  set  of  positive  divisors  of  degree  r  , 
D  =  (Q^  +  ...  -I-  Q^)  ,  into  J(X)  ,  setting 


.(D)  =  <t)(Q^)  +  .  .  .  +  <f(Q^) 


Now,  given  any  positive  divisor,   D  ,  of  degree  g-1  ,  we  can  find 
an  Abelian  differential  of  the  first  kind  which  vanishes  at  th6 
points  of  D  .   Hence  there  exists  a  positive  divisor,  D*  ,  of 
degree  g-l  ,  such  that  D  -;-  D*  is  a  canonical  divisor.   Since  all 
canonical  divisors  are  linearly  equivalent,  it  follows  by  Abel's 


5tl?S 
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theorem  there  is  a  constant ^  k  ,   depending  only  on  the  choice 
of  P  ,  such  that 

*(D  +  D*)  =  k  . 

Hence,  for  every  D  of  degree  g-1  ,  there  is  a  D*  of  degree 

g-1   such  that  (J)(D)  =  -(<J)(D*)  -  k)  . 

In  order  to  state  this  result  in  a  more  interesting  form,  we 

introduce  the  following  notation:   Let  S  be  a  subset  of  J(X)  . 

Then  we  define  S   and  -S^   by  the  conditions 
a        a 

u  e  S^  /=)  u-a  8  S  , 

u  e  -S^  <  =  v-u  e  S^  , 

where  a  is  any  point  of  J(X)  .   Our  result  now  takes  the  form: 
Lemma  2 : 


a      -(a+k)  , 

where  k  =  (f(Z)   and  Z  is  any  canonical  divisor  on  X  . 

A  similar  result  does  not,  in  general,  hold  for  W^  , 
r  <  g-1  . 

We  shall  now  study  some  of  the  relations  between  the  sets 

W^  .   The  results  are  stated  in  the  following  three  lemmas  which 
are  believed  to  be  new. 
Lemma  3:   Let  r  _<  t  j<  g-1  .   Then 
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Proof :  We  must  here  interpret  1/^  as  the  set  whose  only  member 

is  a  .   The  equivalence  on  the  right  is  disposed  of  by  observing 

that  if  a  e  \'J^'^   ,    then  a  =  <t(D)  +  b  ,  deg(D)  =  t-r  ,  and  hence 

b  =  -(<t>(D)  -  a)  ,  which  means  that  b  s  -VJ  "^  . 

—a 

To  prove  the  left-hand  equivalence,  assume  that  W^  (^  11  . 
Then  for  every  positive  divisor,   D  ,  of  degree  r  ,  there  is  a 
positive  divisor,   D  ,  of  degree   t  ,  such  that 

0(D)  +  a  =  <t>(D)  +  b  . 


In  particular,  there  is  a  positive  divisor,  A  ,  of  degree  <  t 
such  that 

a  =  <1>(A)  +  b  , 

since  a  e  V/f"  .   This  representation  may  not  be  unique,  and  we 
assume  that  A  is  chosen  to  be  of  the  smallest  degree,  s  ^  t  , 
for  which  the  equation  can  be  satisfied.   Tlien  dim(-A)  =  1  , 
since  otherwise  A  would  be  linearly  equivalent  to  a  positive 
divisor  of  degree  s  containing  P  as  a  point.   But  then 
(J)(A)  =  <t)(B+P)  =  <t'(B)  ,  for  some  positive  divisor,   B  of  degree 
s-1  . 

Combining  the  two  equations,  we  have 

<t'(D)  +  <t>(A)  =  <t>(D)  . 

If  r+s  >  t  ,  we  can  choose  D  of  degree  (t+l-s)  _<  r  such  that 
D  does  not  contain  P  ,  and  dim(-D-A)  =  1  ,  and  get 


■icp    c.r: 
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D  +  A  'N.  D  +  p  , 

where  ~  denotes  linear  equivalence.  But  this  is  impossible,  since 
D  -I-  A  does  not  contain  P  ,  and  dim(-D-A)  =  1  .  Hence  s  +  r  _<  t  , 
and  a  e  W^"-^  .   The  rest  of  the  proof  is  trivial. 

Let  S  and  T  be  subsets  of  J(X)  .   We  define  the  following 
operations 

S  ©  T  =  ^  [S^:a   e   t}   , 
and 

S  ©  T  =  O  (s_^  :a  e  t]   . 

If  T  is  the  empty  set,   S  ©  T  should  be  taken  as  the  empty  set. 

These  operations  are  not,  in  general,  inverse  to  each  other, 
although  the  following  results  are  easily  verified: 

(S  ©  T)  ©  T  ")  S   , 
and 

(S  ©  T)  ©  T  C  S  . 

We  also  observe  that  if  Sf^S'   and  T' T  T  ,  then  S  ©  TT'S'  ©  T' . 
This  is  an  immediate  consequence  of  the  definitions. 

When  these  operations  are  applied  to  the  sets,   W^  ,  they 
behave  very  regularly,  as  shown  in  the  following  lemma: 
Lemma  4  :   Let  0  ^  r  _<  t  _<  g-1  .   Then 

a    b    a-rb  ' 
and 
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a    b    a-D 


Proof :  The  first  statement  is  a  triviality.  The  second  statement 
may  be  proved  as  f  olloiiis  : 


by  Lemma  5-   By  a  translation,  11^   ^C~W^„  (=;  wjf"  V/^  „  .   Let 

D  — 3.  \ "U,  ^      D  ^-^ — .   3.—  U. 

V  be  any  point  in  \}'F    .   If  v  e  V/    ,    then  u-a  e  W_   ,  or 

equivalently  u  e  l'/^_^  .   If  this  holds  for  all  v  e  V/^  ,  then 

u  s  V/^  0  W^  ,  and  conversely,  by  the  definition  of  0  .   This 

completes  the  proof. 

To  explain  the  limitations  on  r  and  t  ,  v;e  may  observe 

that  if  r  >  g  ,   wf  =  J(X)  ,  and  for  any  subset  srJ(X)  , 
—      a  ^ 

J(X)  Q  S  -  J(X)  . 

V/e  observe  that  v/hile  sets  of  the  form  V/  0  (-W^)   n^ay  not. 
in  general,  be  among  our  W-sets,  the  following  special  formulas 
hold  by  virtue  of  Lemma  2: 


a 


(-<)    =-«!(a;Lb) 


.w?-i  e  (^wj  )  =  »!j^-.,.„ 


a 


The  validity  of  the  first  formula  is  shovm  by 
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=  -  («?I^*)  «  <) 


_  ,.jg-l-r 

-  ^-(a+k+b)   . 

Finally,  let  S  be  a  dense  subset  of  V/^  .   Then 

W^  0  S  =  \lJ''F    .      This  can  be  seen  as  follows:   If  v  e  V/^  ©  S  , 
a       a— D  a 

then  V  £  V/  ^   for  every  s  e  S  ,   Let  w  be  a  limit  point  of 
a— s 

S,  not  belonging  to  S  .   Since  v  e  Vr^   (  =  ')  a-s  e   -W_   ,  and 

since  the  latter  set  is  compact,  it  follows  that  a-w  e  -W_   . 

But  then  v  e  W     for  every  limit  point,   w  ,  of  S  .   Hence 

V  E  W^  e  vj5'  . 
a    b 

We  shall  nov;  consider  intersections  of  the  form  V/^~  r^   wJ' 

a      b 

where  r+l  ^   g-1  .   For  generally  chosen  a  and  b  ,  such 
intersections  are  difficult  to  characterize.   However,  it  is  an 
easy  consequence  of  Lemma  3,  that 

W^C~  W^^-'-  r,  Wf'-'-    if   c  e  W-^  O  Wf"-'-'*^   . 
c  v_  a      b  a    b 

Lemma  5-      Given  two  positive  divisors,   R  and  R  ,  of  degrees  1 
and  (g-l-r)  ,  respectively,  and  constants,  a  ,  b  and  c  such 
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that 


c  =  <t'(R)  +  a  -  <t)(R)  +  b   , 


then,  unless        W^"^^  ^w|"^  =  V/[+^ 


we  have  V7^"^^  r\  wg"^  =  V/^ 


where  S  =  W^^^^  ^.  -^^^1^^.,^^))      • 

Proof ;   Suppose  R  is  a  point  of  R  .   Then  4)(R)  +  a  =  <t)(R)  +  b 
yields  an  equation  a  =  <i>{R^)    +  b,  deg(R' )  =  g-2-r  .   But  then 
a  e  w|~     and  W^'''  T  W^"   .  Hence  we  may  assume  that  R  is 
not  a  point  of  R  . 

Let  u  be  any  point  of  the  intersection.   Then  there  exist 
positive  divisors,   D  and  D  ,  of  degrees   (r+1)  and   (g-1)  , 
respectively,  such  that 

u  =  <t>(D)+a  =  0(D)-!-b   . 

Substituting  for  a  ,  we  have 

<i>(D)  +  <D(R)  =  <t>{D)  +  (D(R)   , 

or 

D+R  ~  B+R   . 

If  this  is  an  identity,   R  must  occur  on  the  left-hand  side,  and 
since  R  is  not  a  point  of  R  ,  it  must  be  a  point  of  D  .   Hence 

u  =  ct)(D)  +  a  =  ^(D')  +  4>(R)  -1-  a  =  <1>(D' )  +  c 
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and  since  deg(D' )  =  r  ,  u  e  W 

If  the  linear  equivalence  Is  not  an  identity,  then 
dlm(-D-R)  >  2  ,  and  we  can  find  a  divisor  B  of  degree  g  ,  con- 
taining an  arbitrary  point,   Q  s  X  ,  such  that  D+R  ~  B  =  B'+Q  . 
But  then  u  -  <t>(D)  +  a  =  0(B' )  +  <})(Q)  -  <D(R)  +  a  or 
u  e  W^~i(R)  .  (hf  0)  ^°^  ^^^   point,   Q  ,  of  X  .   This  means  that 

^  ^  \-<t)(R)  ©  (-W^)  =  -^^T(t.ct>(R)+\c)    '     '^®  proof  of  the  lemma  is 
now  completed  by  observing  that 


-«?u-*(R)^k)C  "r" 


The  final  lemmas  of  this  section  are  restatements  of  well- 
known  results  in  a  convenient  form. 

Lemma  6:   Suppose  ^  ;\7 -V/g""'-  ,   Then  the  Intersection  W^ '^' -W^' 
consists  of  a  finite  series  of  points,   u, ,...,u   ,   and  we  can 
assign  positive  multiplicities,  m, , . . . ,m   ,  to  these  points  in 
a  unique  manner  such  that 


and 

>   m^u^  =  -  (a+b)  +  ga   . 

Proof :   By  the  solvability  of  the  Jacobi  inversion  problem,  vie 
can  find  a  positive  divisor,   D  ,  of  degree  g  ,  such  that 
<f(D)  =  -  (a+b)  .   Let  Q  be  any  point  of  D  .   Then  D  =  D'+Q 
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where  D'   is  of  degree   (g-1)   and 

<t)(Q)  -:-  a  =  -  (4)(D'  )  -!-  b )   . 

Hence  <t)(Q)  +  a  is  a  point  of  the  Intersection.   If 
D  -  Q^  +  .  . .  +  Q  ,   then  <l>(Qj^)  +  a  is  a  point  of  the  inter- 
section for  every  i  ^  and  multiplicities  may  be  assigned  in 
accordance  with  the  multiplicity  of  Q.   in  D  .   Clearly 

y        (<f(Qj_)  +  a)  =  -  (a+b)  +  ga  . 

To  show  uniqueness,  assume  that  u  is  a  point  of  the  inter- 
section. Then  there  are  divisors  Q  and  Q  of  degrees  1  and 
(g-1)  ,  respectively  such  that 

o(Q)  +  a  =  -  (<f(Q)  -;-  b)   , 

or  ({)(Q-i-Q)  =  -  (a+b)  .   If  Q+^  =  D  ,   u  is  one  of  the  points 
already  determined.   If  not,  then  Q+Q  ~  D  ,  and  dim(-D)  _>  2  . 
Hence  we  can  find  a  positive  divisor,   R  ,  of  degree  g  ,  con- 
taining an  arbitrary  point  R  e  X  ,  such  that  <i>{R)    =  -    (a+b)  . 
By   the  preceding  argument,   <1)(R)  +  a  is  a  point  of  the  inter- 
section.  Since  R  is  arbitrary,  it  follows  that  W  'v_  W?~ 
contrary  to  hypothesis.   This  completes  the  proof. 

Suppose  now  that,  in  the  intersection  W  '''^' -W?~   ,  we  keep 
a  fixed  and  let  b  vary  over  some  set,   tC  J(X)  .   Suppose 

further  that  for  all  b  e  T  ,  VJ-^fZ  -V/g""""  ,   and  let 

ayl_   b 

u-|^(b),...,u  (b)  be  the  points  of  the  intersection  W^^ ''^'  -W^'   • 
By  virtue  of  Lemma  6  we  have 


no 
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Uj^(b)  =  -  (a+b)  + 


b  =   (g-l)a  -  > u^{b)   . 

Suppose  finally  that,  as  b  varies  over  T  ,  the  points, 
u^^-|^(b),  —  '^rr(^)   remain  fixed.   Then  >    Uj^(b)   varies  over 
W^  ,   d  =  u^+l(b)  +  ...  +  Ug(b)  ,  and 


(g-l)a'v..."^'c 


3.      TORELLI'S  THEOREM 

We  have  shown  that  the  Jacobian  variety,   J(X)  ,  is  completely 
determined  by  a  period  matrix,   (ttIE;  A)   of  X  .   The  converse 
is  not  true,  since  it  is  perfectly  possible  that  the  column 
vectors  of  another  Riemann  matrix,   (Trie;  A'  )  ,  may  generate  the 
same  translation  group  as  those  of   (ttIE;  A)  . 

A  theorem  of  Riemann' s,  which  we  shall  prove  in  the  appendix, 
shows  that  the  period  matrix,   (tfIE;  A)  ,  determines  not  only  the 

Jacobian  variety,   J(X)  ,  but  also  the  class  of  translates  of 

e-1  e-l 

W^   .   More  precisely,  Riemann' s  theorem  identifies   W^    as 

the  set  of  zeros  of  a  certain  (multiplicative)  holomorphic 

function  on  J(X)  .   By  Lemma  K   it  follows  that  all  the  sets  +W^ 

are  given  as  common  zeros  of  holomorphic  functions. 
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We  therefore  define  a  canonlcally  polarized  Jacoblan  variety 

to  be  a  pair   U(X),  jwf"  L j  ,  and  may  now  state  Torelll's 

theorem  in  the  following  form: 

Theorem ;  A  canonlcally  polarized  Jacoblan  variety, 

(   J(X),  ;  w|"  (  j  ,  determines  the  canonlcally  imbedded  curve,  \^'^ 
up  to  a  translation  and  reflection. 

Proof :  Let  X  and  Y  be  two  closed  Riemann  surfaces  of  genus 
g  ,  and  let  v;^  (resp  V^)  be  the  image  under  the  canonical  map- 
ping 0   (resp  Tp)     of  positive  divisors  of  degree  r  on  X 
(resp  Y)  into  J(X)   (resp  J(Y))  . 


Assume   (^'j(X),  {w|"^  |  )  =  (j(Y),  [vf  "^  j- ) 


i.e.,  assume 


that  X  and  Y  have  the  same  canonlcally  polarized  Jacoblan 

variety.  We  shall  show  that  W   is  a  translate  of  ±V 

We  proceed  by  a  reductlo  ad  absurdum.   Suppose  ±V/  y^   V 

a 

for  all  a  e  J(X)  .   Let  r  be  the  smallest  integer  >  1  for 
which  some  Inclusion  of  the  form 

wHTvf'+l  ,   .W^Tv^+l  ,   V^:"W^+1  ,    or   -V\^'  W^+1 
a  a  a  .  —  a 

holds.   Clearly  r  <  g-2  . 

Assume,  changing  the  notation  if  necessary,  that  V  C  wf"*"   , 

^—  a 

and  let  b  =  a+x-y  ,  where  x  e  W  ,  and  y  e  W^~    .   Set 

c  =  x+a  =  y+b  .   Then,  unless  W^   C_  W^~   ^  vie  ha '6,  by  Lemma  5 

W^"^^0  Wg"^  =  VJ^^  S  ,  where  S  =  W^"^"^,-;  -wf^^^j^_  ^  .   Under  these 
conditions,   V/^  depends  only  on  the  choice  of  x  ,  and  S 
depends  only  on  the  choice  of  y  . 
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We  shall  first  shov;  that,  in  general,  ^"^(Z  ^'^f'^    '      ^®^  ^ 
be  fixed,  and  let  y  vary  over  V/^"  ''^    .      Then  b  varies  over 
-^^^(a'hx)  •  ^'     ^'C  Wg-'  for  all  b  e  -I'^^ilZ)    >    then 
V-'-f  V/S"-'-  0  W^T^'^x  ,  VThence  ^'^ C  ^'^'^ ^^    >    contrary  to  hypothesis 

Since  w|"   =  vg~^  for  some  d  ,  we  have 
V^(^  wg'-'-  {=)   b  £  -V|'^  ,  and  the  set  of  b  e  -wfT^^^j   for 
which  V^Q   Wg'-'-   is  given  by 


^d        -(a+x)   • 

Since  there  are  points  in  -wf7^^^)  which  do  not  lie  in  this 
intersection,  it  follows  that  the  intersection  is  a  lov/er- 
dimensional  subset  of  "^^fja+x) 

For  y  in  a  dense  subset  of  VJ^~  ~^   ,  we  have  accordingly 

.-^   b    ' 
and  therefore  also 

It  follows  from  Lemma  5  that  for  such  a  choice  of  y  , 
V  r\   V#"'   contains  a  finite  number  of  points,  and  we  must  have, 

since  V""-  (  W: '*'■'■  , 


V^r>  Wg"^  ^  ("^"^  ''^'-  K)    ^     ^^^'^  ^^ 


(a 
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If  we  keep  x  fixed,  and  let  y  vary,  only  the  points  in 

1  r 

V  ^  '  S  can  change,  since  W   remains  fixed.   V/e  shov/  first  that 

1    r 
there  is  at  most  one  point  in  the  intersection  V  --^  W   .   If  not, 

there  are  at  least  two  fixed  points  in  the  intersection  v  r^  W^" 

as  y  varies  over  a  dense  subset  of  W^"  ~^    .   Hence,  by  the 

remarks  following  Lemma  6,  this  dense  subset  is  included  in  a 

translate  of  -V^"   ,  and  V/^'  ~^     is  a  subset  of  some  translate 

of  -vS"2  .   But  if  wS"^"^(2  -V^"^  ,  then 


V^  =  V^'-"-  9  V^''^(      W^'-"-  0  -W^"-'-"^  =  -W^. 


-k  ' 

ignoring  subscripts.   This  contradicts  the  assumption  on  r  . 

Now,  if  we  keep  y  fixed  and  vary  x  ,  at  least  one  point  of 
the  intersection  must  change,  and  this  point  cannot  lie  in 
V  r^,  S  ,  and  it  follows  that  exactly  one  point  is  associated  with 

c 
We  must  now  examine  the  possibility  that  this  point  might 

occur  in  the  intersection  V  o  W^*   with  multiplicity  >  1  . 

It  is  clear  from  the  preceding  argument  that  this  cannot  happen 

for  all  y  ,  and  hence  we  may  select  a  y  for  which  the  point 

occurs  with  multiplicity  one.   Varying  x  over  a  sufficiently 

small  neighborhood,  it  is  then  easily  seen  from  Lemma  6  that  this 

yields  an  inclusion  of  that  neighborhood  in  W   into  some 

neighborhood  in  a  translate  of  V^  .  But  then  it  is  easy  to  see 

that  we  must  have  an  inclusion  of  V   in  some  translate  of  V/  , 

and  this  would  complete  the  proof. 


•70l 


zasn^  smoe 
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We  shall,  however,  give  a  different  argument  which  avoids 
any  appeal  to  continuity,  and  which  therefore  is  valid  in  the 
abstract  case  as  well.   From  the  earlier  argument,  it  is  clear 
that  those  choices  of  y  for  v;hich  the  point  occurs  with  multi- 
plicity >  1  is  given  by  an  intersection  of  VJ^~  ~^     with  some 
translate  of  -V^'^  .   By  the  irreducibility  of  V/^-l"^  ^  this 
intersection  must  be  a  lower-dimensional  subset  of  VP~ 
Hence,  given  any  finite  sequence,  x^,..,,x^   ,   we  can  find  a  y 
such  that  the  point  only  appears  with  multiplicity  1  ,  for  all 
i  .   Since  the  points  of  V  '^.  S  are  fixed,  their  multiplicities 
may  assume  only  a  finite  number  of  distinct  values,  and  taking  n 
large  enough  we  shall  find  points  x^,x.  such  that 


a+x.-y    .1'  2'   '  s> 

where  v^, ,v   occur  with  the  same  multiplicities  in  both 

intersections,  and  ^i  »v,   occur  with  multiplicity  1  . 

Then  x^^-x .  =  ^\'^\    >   ^'^^   ^^  follows  that  V""-  has  two 
distinct  points  in  common  with  some  translate  of  W  ,  say  W^  . 
But  then 


^g-2  ^  ,,^g-i  e  ^^r  vf-i  ^,  ^'\    . 

d-Xj 


^7  Lemma  5,  the  right-hand  intersection  decomposes  into  a  union 
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of  a  translate  of  V^"   and  a  translate  of  -V^"   ,  and  hence 
W^"^  is  Included  in  a  translate  of  V^"^  or  of  -V^"^  .   Since 
VfS"  9  W^"^  =  W  ,  this  yields  an  inclusion  of  V"*"  in  a  translate 
of  V}       or  of  -Vif  ,  contrary  to  assumption.   This  completes  our 
proof. 
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APPENDIX-'- 


Since,  in  the  period  matrix  (TriE;  A)  ,  A  has  a  negative 
definite  real  part,  it  is  easy  to  show  the  loniform  convergence  on 
compact  subsets  of  the  series 

0{u;  A)  =  TZl     exp(^m(Am+2u))   , 
m 

where  ^u  =  (u  , ...,u^)  e  C^  ,  and   m  =  {m  ,...,m^)  is  a 

g-vector  with  integral  components.  The  sum  is  taken  over  all  such 

m  .   The  function  0(u;  A)  will  be  referred  to  as  a  first-order 

theta-function  formed  with  A  .  Any  translate  of  this  function 

is  also  called  a  theta-function  of  the  first-order. 

The  theta-f unctions  have  the  following,  easily  verifiable, 

periodicity  behavior: 

9(u+7rin;  A)  =  e(u;  A)   , 

and 

e(u+An;  A)  =  0(u;  A)  exp(-  n(2u+An))   , 

where  n  is  any  g-vector  with  integral  components.  Hence  they 
are  multiplicative  functions  on  J(X)  . 

Riemann  showed  that  if   (7riE,A)   is  a  period  matrix  with 


General  references:   [2]  and  [7]. 
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respect  to  a  canonical  homology  basis  on  a  closed  Riemann 

surface,  then  the  following  amazing  characterization  of  the 

zeros  of  e(u;  A)  may  be  given 

Riemann  *  s  Theorem :   Let  X  be  a  closed  Riemann  surface  of  genus 

g  .   Let  7  be  a  canonical  homology  basis,  and  let  co  be  a  basis 

for  the  Abellan  differentials  of  the  first  kind.   Let 

(7,  to)  =  (ttIE;  a)  .   Then,  given  a  point,   P  ,  on  X  ,  there  are 

constants,   c"^  ,  depending  on  P  ,  such  that  e(u;  A)  =  0  iff 


1    £ii  r^  1  i 

u  =  -  ;     /   CD  -:-c 


1 


A  detailed  proof  of  this  theorem  will  be  found  in  [7].   Here 
we  shall  merely  indicate  the  idea  of  the  proof. 

We  assiome  X  represented  by  a  fundamental  polygon  In  the 
unit  disc,  and  set 


U^(Q)  =  j   CD^   , 


where  Q  varies  over  the  fundamental  polygon.   Then  9(u(Q);  A) 
Is  a  well-defined  function  on  the  fundamental  polygon,  and, 
evaluating  the  integral  around  the  polygon  of  its  logarithmic 
derivative,  we  find  that  unless  6     vanishes  identically  on  X  , 
it  has  precisely  g  zeros  (counting  multiplicities)  in  the  poly- 
gon.  The  same  is  true  for  any  translate,   0(u+b;  A)  .   Let 
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Q,  (b) , . , . ,Q  (b)  be  the  zeros  of  9(u+b;  A)  .   Evaluating  the 
integrals  around  the  polygon  of  the  products  of  u  (Q)  with 
the  logarithmic  derivative  of 

9(u+b;  A) 
0(u+b';  A)   ' 

we  find  that  YH   u(Q^(b))  -  rZ  u(Qj^(b'))  =  -b+b'  .   Hence 
)   u(Q^(b))  +  b  is  a  constant,   c  ,  depending  only  on  P  . 
Now  consider  the  function 

0  (^u(Q)  +  c   '  YZZ   u(Qi(b));  A^  . 

This  function  vanishes  for  Q  =  Q^  ,  and  then  its  argument  is 

u(Q,(b))   . 


jTi 


Take  now  an  arbitrary  (g-l)-tuple  Q^,...,Q  ,  and  let 

i=l    ^ 

where  Q,   is  some  additional  point  on  X  .  Since  the  Jacobi 
inversion  problem  is,  in  general,  uniquely  solvable,  it  follows 
that  the  above  representation  of  b  is,  in  general,  unique.  But 
the  above  equation  holds  for  the  zeros  of  0(u(Q)  +  b;  A)  ,  and 
hence  the  Q.  must  be  its  zeros.  By  the  preceding  argument  we 
have 
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efc  - 


if"  u{Qj"^  =  0 


The  exceptional  cases,  where  the  representation  is  not 
unique,  are  easily  shown  to  be  limiting  cases  of  unexceptional 
ones,  and  may  be  treated  by  a  continuity  argument.   In  fact, 
when  the  representation  is  not  unique,  it  may  be  seen  that 
e(u(Q)  +  b;  A)   vanishes  identically  on  X  . 

By  virtue  of  Riemann's  theorem  it  follows  that  the  image  in 
C^  under  the  map 


"  --^ 


of  (g-l)-tuples  of  points  on  X  ,  is  determined  up  to  a  trans- 
lation by  the  period  matrix   (TriE;  A)  ,  since  it  is  the  set  of 
zeros  of   0(u;  A)  . 

Thus  the  sets  V/^~   are  determined  as  the  zero  manifolds  of 
a 

first-order  theta-functions. 

We  shall  now  drav;  an  interesting  conclusion  from  the  irreduc- 
Ibility  of  W^'   .   Assiome  that,  in  the  period  matrix,   (7riE,A) 
A  decomposes  into  a  direct  sum 


\0      A^J 

where  A^   is  an  nXn  matrix.   It  is  readily  seen  from  the 
definition  that  in  this  case 
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e(u;  A)  =  .^(v;  A^)b(w;  A^ )   , 

^^Jhere  v  is  an  n-vector,   w  is  a   (g-n)-vector^  and 

u  =  (v  ,...;V^,v;  ,...,\^^~^)    .      Nov/,  since  W^~   is  the  zero 

a 

manifold  of  ^{u;  A)      for  some  a  ,  it  follows  that   &(v;  A, ) 

vanishes  identically  on  a  full  neighborhood  of  W^"   ,  but  not 

everywhere,  since  the  zeros  of   :(v;  A  )   and  6;(w;  A^)   do  not 

coincide.   This  contradicts  the  irreducibility  of  W^~   ,  and  we 

a 

conclude 

Theorem:   If  {vlE;   A)   is  a  period  matrix  v/ith  respect  to  a 
canonical  homology  basis  on  a  closed  Riemann  surface,  then 
A  is  not  symplectically  equivalent  to  a  direct  sum. 

This  generalizes  and  contains  a  previous  result  due  to 
V/irtinger  [3]. 
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